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Abstract
We study the effects of a barely perceivable violation of Lorentz invariance on results computed using
a relativistic constituent quark model wave function. The model nucleon wave function of Gross et al.
is constructed such that there is no orbital angular momentum and that the spin-dependent density is
spherical. This model wave function is claimed to be manifestly covariant, but we show that this is not so.
In particular, the seeming covariance of the matrix elements of the electromagnetic current arises from




Recent Jlab data on electromagnetic form factors of the nucleon have created much theoretical
interest. The key finding is that the ratio of the proton’s GE/GM falls rapidly with increasing
Q2[1, 2]. But new results for the neutron electric and magnetic form factors have been or are
about to be obtained; see the reviews [3–5].
It was argued[6] that reproducing the measured ratio GE/GM ratio requires a relativistic treat-
ment that includes the effects of the quark’s non-zero orbital angular momentum. Ref. [7] intro-
duced the idea of using the rest-frame to rest-frame matrix elements of a spin-dependent charge
density operator to exhibit the influence of the orbital angular momentum. In particular, (for a
model without explicit gluons) the probability for a quark to have a given momentum, K, and a







(γ0 + γ · nγ5)ψ(0), (1)
where O is Q̂/e, the quark charge operator in units of the proton charge for the spin-dependent
charge density or O = 1 for the spin-dependent matter density. The matrix element of the
operator ρ̂O(K,n) gives the spin-dependent matter densities. The quark field operators ψ¯(r), ψ¯(0)
are evaluated at equal time. The rest-frame matrix element of this density operator in a nucleon
state of definite total angular momentum defined by the unit vector s, |Ψs〉 is
ρO(K,n, s) ≡ 〈Ψs|ρ̂O(K,n)|Ψs〉, (2)
where the subscript O = Q, or O = 1 specifies the operator used in Eq. (1). The most general
shape of the proton, obtained if parity and rotational invariance are upheld can be written as
ρO(K,n, s) = AO(K
2) +BO(K
2)n · s+ CO(K2)
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with the last term generating the non-spherical shape. The effects of non-vanishing orbital an-
gular momentum cause the matrix elements of the spin-dependent density operator Eq. (2) to
be non-spherical and yield a non-zero value of the coefficient CO(K
2). While no experiment has
been constructed to measure the spin-dependent density, this quantity can be evaluated using the
techniques of Lattice QCD, and has been measured in condensed matter physics[9].
Gross & Agbakpe[10] constructed a relativistic constituent quark model that was claimed to have
a spherical shape. However, these authors did not consider the spin-dependent density operator.
When we [8] used the wave function of [10] to evaluate the matrix element of the spin-dependent
charge and matter density operators, a non-spherical nucleon shape was obtained. More recently,
Gross et al. [11] claimed to find a covariant constituent quark-diquark model that describes all the
available electromagnetic form factors, but has no orbital angular momentum. In this case, the
shape of the proton as determined by the rest-frame matrix element of the spin-dependent density
matrix is indeed spherical. The question of whether or not it is possible to find a covariant model
that is pure S-wave is an interesting one that we examine here. We shall show that the model of
[11] is not covariant. Furthermore, the using simplest method of imposing the requirement that
the model be covariant leads directly to a model of the form of [10] which does have a non-spherical
shape as measured by the spin-dependent matter density [8].
We next describe the wave function of [11], using the notation of that reference. The nucleon













I γ5 6ε∗P u(P, s),
which is a sum of contributions from a spin-isospin (0,0) diquark and a spin-isospin (1,1) diquark
and ψ0,1 are Lorentz scalar functions. The polarization vectors εP are given by the expression
εP = OP ǫk, (5)
where ǫk is a genuine relativistic polarization vector of a vector particle (di-quark in the present
case) ǫk · k = 0. This quantity is denoted by η = ǫk in [11]. The operator OP is a Lorentz
transformation, with
OP = BPB−1k R−1kˆ . (6)
The operator R−1
kˆ
rotates k from a generic (θ, ϕ) direction to the positive z direction. B−1k boosts
the four-momentum state (Es, 0, 0, k) to the diquark rest frame (ms, 0, 0, 0), and finally BP boosts
the vector (M, 0, 0, 0) to the moving frame (EP , 0, 0,P). The wave function ΨN satisfies the Dirac
equation because 6P commutes with γ56ε∗. As stressed in ref. [11], the essential difference between
this model and the one introduced in Ref. [10] is that in the nucleon rest frame, the wave function
(4) contains absolutely no angular dependence of any kind.
We discuss the general requirements for covariance in Sect. II, show that the model wave function
of [11] and Eq. (4) does not satisfy these requirements in Sect. III and present a general assessment
in Sect. IV.
II. COVARIANT VECTOR DI-QUARK WAVE FUNCTION
Let us denote the vector di-quark wave function as ΨP,s(k, ǫ), defined as
Ψ¯P,s(k, ǫ) = 〈P, s|q¯(0)|k, ǫ〉, (7)
where 〈P, s| and |k, ǫ〉 are nucleon and di-quark eigenstates and q¯(0) represents a quantized quark
field operator. Note that the dependence on the polarization vector ǫ and nucleon spin is made
explicit. Lorentz invariance requires that
Ψ¯P,s(k, ǫ) ∼ U¯(P, s)Γµ(P, k)ǫµk , (8)
where Γµ(P, k) is a covariant vector :
Γµ(P, k) = Aγ5γµ +Bγ5kµ + Cγ5Pµ + · · · , (9)
where A,B, and C are Lorentz scalar functions built from the four vectors P and k.
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To see how this Lorentz invariance of Eq. (8) works in practice, consider the relevant particular



















where initial and final nucleon four-momentum are denoted as P− and P+. In Ref. [11] (their
eq. (11)) P± are explicitly chosen in the Breit frame. Here the only restriction is that P+ = P−+ q
and P 2± = M
2, where q is the four-momentum of the virtual photon and M is the nucleon mass.








− gµν , (11)
where m is the di-quark mass. Thus one finds
M∼
∫
d4k · · · U¯(P+, s′)Γµ(P+, k)γα(k
µkν
m2
− gµν)Γν(P−, k)U(P−, s).
(12)
The result Eq. (12) has a manifestly covariant form as a Lorentz four-vector that results from the
use of Eq. (11).
III. NON-COVARIANT WAVE FUNCTION OF [11]
We now show that the model suggested by Gross in [11] is not consistent with Lorentz invariance.
We note in advance that the essential point will be that different polarization vectors εP+ and εP−
enter into the sum over polarization vectors.
Consider the vector-diquark part of the nucleon wave function Eq. (4):
Ψ¯P (k) ∼ U¯(P, s)γ5γµεµP = U¯(P, s)γ5γµ(LPL−1k ǫk)µ
L−1k ǫk = (0,~ǫ) ≡ ǫ0 (13)
where P and k are the nucleon and diquark on mass shell momenta, L−1k is the boost transformation
L−1k k = (
√
k2, 0), ǫk is a genuine relativistic polarization vector of a vector particle (diquark in
the present case) ǫk · k = 0, which is denoted by η = ǫk in [11]. Furthermore, ǫ0 is the diquark
polarization four-vector in the diquark rest frame. Our notation here differs slightly from that of
[11] because (we use the notation Lk instead of Bk) and because the quantity L−1k is not exactly
the same as B−1k R
−1
k of Eq. (6): for the sake of simplicity we not make the effects of the rotation
explicit. This simplification does not affect our conclusions [12].
As noted above in Eq. (9), Lorentz invariance requires Γµ(P, k) to be a covariant four-vector in
any quark-diquark wave function Ψ¯P (k) ∼ U¯(P, s)Γµ(P, k)ǫµk . The result Eq. (13) is not consistent
with this requirement because the quantity γ5γν
(LPL−1k )νµ is not a four-vector. In particular, the
4
explicit appearance of the product of boosts, LP ,L−1k , breaks covariance. Neither LP nor L−1k is a
covariant tensor. To see this we derive the boost tensor from the expression for the boost Eq. (2.8)
of [13] (note that a sign misprint in that equation is fixed here):

















The result Eq. (14), with the explicit presence of the index 0, makes it clear that (L−1k )µν is not a
covariant tensor. Similarly


















where we have used Pµ = 2δ
µ
0P
0 − P µ.
Lorentz invariance is lost if one uses the wave function of [11] Ψ¯P (k) ∼ U¯(P, s)Γµ(P, k)ǫµP





ǫνP−, that enters in the matrix element of the
electromagnetic current is not Lorentz invariant. Let us calculate the diquark polarization sum











Note that here the quantity Dµν(P
+, P−) is seen to be a sum of product functions, with one
function depending only on P+ and the other depending only on P−.
We use the expression for the boost Eq. (15) to evaluate Eq. (16), with the result
Dµν = δµ0δν0















































A brief inspection shows that Dµν , as obtained in a general reference frame, involves the non-
covariant expressions δµ0 as well as explicit three-vectors and therefore is not a covariant tensor.
This result means that the wave function of [11] is not covariant and that the expressions for
matrix elements of the electromagnetic current that result from using Eq. (17) are not covariant.
However, one can be fooled by using one particular frame– the Breit frame. In this case, the
four-vectors P µ± are given by P+ = (E, 0, 0, Q/2), P+ = (E, 0, 0,−Q/2). It is also useful to note




4M2 − (P+ − P−)2
(18)
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We proceed by evaluating Eq. (17) in the Breit frame. Use Eq. (18) and P+ = −P− = P,










2M2 − 2P 20














































0 −M2 + P 0M = (P 0 +M)(2P 0 −M)]
2(P 0 +M)2P 0M




























This result, obtained previously in Ref. [11], has a illusory covariant appearance, resulting from
the explicit use of the Breit frame. The expression Eq. (19) would not be correct in any frame
other than the Breit frame. In particular, the factorM2+P+ ·P− that appears in the denomenator
of Eq. (19) violates the sum of product functions form of Eq. (16).
IV. ASSESSMENT
The seemingly covariant appearance of the expressions of [11] results from the explicit use of
the Breit frame. This failure to maintain covariance results from using the polarization vectors
εP instead of ǫk to describe the vector di-quark wave function. However, this is a very important
point in the present context because it is exactly the use of εP that allows the construction of a
model wave function without orbital angular momentum. As noted in Ref. [11], the result (19)
has no angular dependence, so the evaluation of the matrix element of the spin-dependent density
operator would yield a spherical shape. However, this roundness is caused soley by the lack of
Lorentz invariance. Using the polarization vector ǫk would lead to a model much like that of [10],
which does have a non-spherical shape, as measured by the spin-dependent matter density.
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